Abstract. The collision of four balls aligned is analyzed in this paper. This study is based on the fundamental idea that a system formed by rigid bodies is deformable, since its shape changes because the relative distances of the different bodies change. A simple linear constitutive law, described by a pseudo-potential of dissipation completed by the condition of the impenetrability between the balls, is used. we consider the case where three balls falls on a very massive obstacle. The first ball, considered of very light mass, bounces with a velocity extensively superior to its fall velocity. This is sometimes called the superball phenomenon.
INTRODUCTION
Let us consider a heavy ball with mass m 3 on which rest two other balls with masses m 2 and m 1 . These balls fall on a very massive obstacle with mass m 4 , Fig. 1 . Mass m 1 is assumed to be very small. Experiments show that when the three balls collide the very massive obstacle, ball 1 rebounds with a very large upward velocity. We intend to give a predictive theory accounting for this spectacular phenomenon, which is sometimes called the superball phenomenon [1, 2] . Experiments are more easy to perform with three balls: ball 1 is a tennis table ball, ball 2 is a soccer ball, ball 3 and 4 are the massive obstacle.
We assume the ball masses are concentrated at their mass center. Thus they are treated as points (this is equivalent to assume that their mass moment of inertia is equal to zero). The considered system is made of four points: the three balls and the very massive obstacle moving along a vertical axis directed upward. This system is deformable because the relative position of its four elements changes. To describe the velocity of deformation with U = (U 1 , U 2 , U 3 , U 4 ) and U i are the actual velocities of the ball i. In the sequel we focus only on collisions, which are assumed instantaneous [3] [4] [5] : it is denoted A + and A − the value of a quantity A after and before the collision and [A] = A + − A − is the discontinuity of the quantity A in the collision.
THE EQUATIONS OF MOTION
The equations of motion of the balls result from the principle of the virtual work [4, 5] . The virtual velocities of the system in a collision are V = (V + , V − )
where V + and V − are the velocities after and before the collision of the four balls. The virtual work of the acceleration forces in a collision is
Because the system is deformable, with deformation velocities D ij (U ), there are internal forces which are percussions. Their virtual work in a collision is [3] Γ int (V ) = −P 12 D 12 (
where P ij are the interior percussions which describe the interactions between the different balls of the system. It is to be remarked that in this general setting at a distance actions occur between the different balls. The principle of virtual work assuming there are no external percussion
gives the equations of motion:
THE CONSTITUTIVE LAWS
Constitutive laws needed for the interior forces, have to satisfy the second law of thermodynamics [2, 5] . We know it is satisfied by constitutive laws defined with a pseudopotential of dissipation φ(D ij ) (a pseudo-potential of dissipation as defined by [6] is a convex, positive function with value zero at the origin). For the sake of simplicity we choose a quadratic pseudo-potential function with indicator functions taking into account the impenetrability of the different balls (U
) and dissipative matrix M is
For the sake of simplicity, we introduced in matrix M , where the coefficients α i that relate the first ball with the fourth. The six K ij and the seven α i parameters satisfy relations which insure that matrix M of the quadratic function is positive semi-definite, in order that φ is a pseudo-potential:
The constitutive laws are:
or
with P reac
12
∈ ∂I + (D 12 (U + )).
Function I + is the indicator function of the set of the positive numbers lR + , ∂I + is its subdifferentiel set [7] . The last relation insures impenetrability of balls 1 and 2, reaction P reac 12 is only activated if there is a risk of interpenetration, i.e. if contact is maintained after the collision; D 12 (U + ) ≤ 0.
P 13 = 2K 13 X 13 + 2α 1 X 12 + 2α 3 X 14 (8)
with P reac 23
with P reac 34
. Assuming the velocities before the collision U − are known, it is proved that the system formed by constitutive laws (7-12) and equation of motion (5) have an unique solution to velocities after collision.
EXAMPLES
Depending on seventeen physical parameters m i , K ij and α i , there are six possible evolution of the four balls after collision: -Case 1: the very light ball bounces and the two heavy solids remain in contact with the massive obstacle.
-Case 2: the two light balls bounce and the heavy solid remains in contact with the massive obstacle. Depending for its mass, the second ball may or may not remain in contact with the first ball after the collision; one can have two possible subcases:
• Case 2.1: the two balls that bounce remain in contact after collision.
• Case 2.2: the two balls that bounce don't remain in contact after collision. -Case 3: the three balls bounce. Depending on the masses of the two intermediate balls, there are three possible subcases:
• Case 3.1: the balls number 1 and 2 remain in contact after collision.
• Case 3.2: the balls number 2 and 3 remain in contact after collision.
• Case 3.3: the three balls don't remain in contact after collision. For every case we look for conditions on parameters which insure the superball phenomenon: the small ball bounces with a velocity larger than its incoming velocity. We think that the superball phenomenon occurs only if there is an interaction between the very light ball number 1 and ball number 4 (K 14 > 0 is very large). In this situation the interaction between the balls 1 and 4 is produced:
• by an interaction through ball 2,
• by an interaction through ball 3,
• by an interaction through ball 2 and 3 together, • by a direct interaction.
We choose to investigate in the sequel
• Case 1, depending on α 2 , • Case 2.1, depending on α 1 and α 6 ,
As already said; we looked for conditions in order have the superball phenomenon. We assume α 2 = 0 and the others α i = 0 .
It is looked for conditions on the physical parameters such that The very light ball bounces with a velocity larger than its falling velocity and the two heavy solids remain in contact with the massive obstacle, Fig. 2 . To obtain those conditions, the system formed by the equations of constitutive laws and the equations of motion is solved assuming the three first relations of (13) are satisfied. Then checking that the resulting velocities U + i and the reactions P reac 23 and P reac 34 , unknown of the problem, depending on the physical parameters have the convenient properties, it results the conditions on parameters. Because it is known the solution to be unique, the conditions insure that the actual evolution is the one characterised by inequalities (13). Assuming that m 4 and K 14 are very large compared to the others quantities, the conditions are:
to describe the actual evolution (U
to insure non interpenetration between balls 2 and 3 (P reac 23 ≤ 0);
to insure non interpenetration between balls 3 and 4 (P reac 34 ≤ 0). Those conditions are similar to the case of collision of three balls valued by [2] when the very light ball bounces and the heavy solid remains in contact with the massive obstacle.
The velocity of small ball is
If we choose K 12 = −α 2 (1 − ε + ε 2 ), K 13 = −α 2 ε 2 , K 14 = −α 2 (1 + ε) and m 1 = −α 2 ε 3 satisfy the last relations, the velocity of ball 1 after the collision is very large and its value is
Remark: If we replace α 2 by α 3 ; α 3 is different from zero and all others α i are zero, we will also have the superball phenomenon. On the other hand, if we assume α 1 and α 6 to be different from zero an all the other α i are zero, it is not possible to have the superball phenomenon. 
Assuming that m 4 and K 14 are very large compared to the others quantities, the conditions are:
to have the superball phenomenon (U + 12 > a);
to describe the actual evolution (U + 34 ≤ 0);
of non interpenetration between the balls 1 and 2 (P reac 12 ≤ 0);
of non interpenetration between the balls 1 and 2 (P reac 34 ≤ 0). By having the coefficients α 1 and α 6 different from zero, that we call by weak interaction, we have the superball phenomenon. The found conditions are similar to those found in the case of collision of three balls, where the small ball bounces and the massif solid remains in contact with the very massive obstacle [2] .
Case 3.2: The three balls bounce with 2 and 3 remain in contact after the collision
This case is investigated analytically assuming α 5 = 0 and all others α i = 0. The unknowns of the problem are: the velocity of the first ball, velocity of the second and third ball that remain in contact, the reaction between them and velocity of the obstacle massif (Fig. 4) . It is looked for conditions on parameters m i , K ij , and α 5 such that
with
. To obtain those conditions, the system formed by the equations of constitutive laws and the equations of motion is solved assuming the three first relations of (15) are satisfied. Then checking that the resulting velocities U + i and the reactions P reac 23 , unknown of the problem, depending on the physical parameters have the convenient properties, it results the conditions on parameters, such as the m 4 and K 14 are large enough compared to the others quantities. The conditions are:
of non interpenetration between the balls 2 and 3 (P reac 23 ≤ 0). Remark If we replace α 5 by α 7 ; α 7 = 0 and all others α i are zero, we will also have the superball phenomenon. When the first ball has an interaction with the massive obstacle through the second ball, the coefficients α 2 or α 5 is different from zero and all others α i are zero. To understand the difference between these two coefficients of dissipation, we represent in Fig. 5 the velocity of the first ball after collision when the first one varies, while the other one is equal to zero, the other parameters are as follows: We observe the two coefficients allow to produce this phenomenon. The only difference is that α 2 must be negative whereas α 5 must be positive. Let us recall that these parameters are restricted by the conditions on matrix M.
Case 3.3: The three balls that bounce don't remain in contact after the collision
The case of the three balls bounce and don't remain in contact after the collision, Fig. 6 , is investigates numerically because the formal calculation is too heavy. Let us suppose that the three balls fall on the massive obstacle of a height h = 0.5m, i.e. with the velocity before the collision a=3.13209 m/s. Let's consider, as always, that the mass of the first ball is very small m 1 = 0.001kg whereas the mass of the massive is very large m 4 = 510 6 kg. We assume the α 4 = 0 and the others α i = 0. One notices that the velocity of the first ball increases weakly by decreasing the coefficient K 34 . On the other hand, the velocities of the balls 2 and 3 decrease.
-If K 34 > 13.5N/m 2 ; the impenetrability condition is not verified, because U + 3 > U + 2 . -If K 34 = 13.5N/m 2 ; the velocities of the two balls 2 and 3 are equal, i.e. these two balls remain in contact after the collision (Case 3.2).
-If 6.45 < K 34 < 13.5N/m 2 ; the impenetrability condition is verified, because U 
CONCLUSION
The collision of four aligned rigid balls was studied. A system formed by these rigid balls is deformable, since its shape changes because the relative distances of the different bodies change. The superball phenomenon is produced according to different cases such as the interaction between the first ball and the massive obstacle must be presented. For every cases of evolutions of the balls after the collision, has been investigated the relations on the physical parameters which insure the superball phenomenon. These relations are obtained on the basis of the fundamental hypothesis: the mass of the first ball is very small whereas the mass of the massive obstacle is very large.
